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Time or Expcnce to make, and therefore might be 
fuppiied by new ones, as often as they happened to 
break. 

Thefe Moulds feem to have been burnt or baked 
fufficiently to make them hard, but not fo as to ren- 
der them porous like Bricks, whereby they would have 
loft their fmooth and even Surfaces which in thefe 
is plainly fo clofe, that whatever Metal fiiould be 
formed in them would have no Appearances like the 
Sand -Holes, by which counterfeit Coins or Medals 
are ufually detected. 

London , May 20. 

1747- 



XXVI. An extraB of a letter from William 
Jones Efq\ F. R. S. to Martin Folkes Efq\ 
Prefdent of the Royal Society ; containing 
a commodious difpojition of equations for ex- 
hibiting the relations of goniometrical lines. 

THEOREM. 

Prefented July 4. J]\[ a c i rc le whofe radius is r, let there 
'747- X y e tWQ arcs ^ £ the greater, a the lefs, 

each in the fir ft quadrant h put s, t, f, and v, for 
the fine, tangent, fee ant, and verfed fine ofi an arc ; 
$\ t\ f , the fine j tangent, fecant of the complement, 
and v\ the njer fed fin e of t he fupplement of that arc ; 
let z = 4A^2,x = fA*-~a; or if z and x be put for 
the arcs, it will be A = z-f-x,a = z — x. 

Then, will the terms in any column of the follow- 
ing table, be proportional to their corresponding ones 

in any other column. 

From 
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s. A -+- a 


«2Z 

«A+a 


■v,A«t-.v,a 


.9, a — ,^A 
/* A — /-i a 
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From hence, almoft an infinite number of theorems may eafily be 
derived ; fome of which are the following, given here as examples of 
the ufe of the table. 



L s>zxs,x~ 
/,zx/,x 



J, 2 



/,X 



irxs ,a~j , A=~rxs ,z-x— j ,z-f x =j^rr=:~^rr. 



= ^rx* ,a-fj , A= jrxj ,z— x+s ,z-f x ==^- rr=j- z rr t 



II. If A, B,C, be any three angles; Z — A-j~R,X=A— B,H=|A+B4-C. 

Then jrx£^^:r,,AC^ 

And jrxi,Z-v,C = /, f Z+Cx/,iZ^C = /,!A+B4-CX/ 5 £ A+B— C = j,Hxj,H— C% 



lit ss,z_tt,z rr -y,2z /,Z # n tt,~z 

rr tip v ,2z *,z J*,-Jz 



w,£z ttAz 



rr 



v^z /,-fz 



jj.z 



rr 



tt\\z v,z t*\z 

IV. 
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IV i r — ■ 5 - f > z __- w 4 Z _ SS ' z - ^ 4 Z ' • • T : ,— - 4Af v-*Z '-mV,Iz 

« * — — .— — x _^. —^ ... t yij ,',6- •— i— , 



V. 



J,2 r /j^z v\z 

* " » __ <■<■■»—— <M» ... ., ...... «* » !!■ ■ . ■■>■ 4§ 

t,z j,A-frf,a_V,x rr /\z /,x /,a+/,A /\zx/\ 



VI. - — = — -— U — = - % --5 and — 



/,x j 5 A — tf,a / a z * / 5 zx/,x /,x " /,z ' j,a — j,A *r * 



VTT J,A /,z-f/,x J,z-fx .- . , , 

TX~tTZ7"~~ : - : --^ : > ifzandtfare two arcs, thmd=:z-{-x ? a= *— #* 



j, a /,z — /,x 



«r,z — x 



VIII. f :: + : c — J » 2 **>*:by % > z * J >* — Az+Ax 



i ^ 



v t,z±t,x . x rrrf:/,zx/,x 

■«*••■ Az+x^ — — — — rr ; and / ,z±x — — r — ^ — a 

5 — rr+t,zx?3X ' /,z-£./,x 

•/' - x rrif /,zx/,x ' ^ ' ~ t y z±t,x 



XII. In three equiclifferent arcsyf, £,#; where 2 ( — J-^-f^) is the mean arc, and 
( = J^f— *) their common difference * putjo -=:L»?,g=-i. iP~2pxs,z,$=:2$xs\z. 
Then s^=P-s,fl=^+s^} Ands^^P— s,// = s,^f— <0 



XIIL Leti=v,^ — v,a~s\a—s\di then ss-,^— ss,# ~2s\i*4-//x</ = 2s>— *'x</. 

Not*, When an arc is terminated in the fecond, third, or fourth quadrant, fome of the figps 
(— f- and — ) of the terms in the preceding theorems, will,, bv the known rules, become 
contrary to what they now are. 

XIV. 
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XIV, Lct^f, j5,C, &c> be the fines, u,b>Cy &c. the co-fines, a\ b\ c\ &c. 
the tangents, of the arcs, *, & ?, err* whole number is j the radius 
being r,« put 4? for the produd of the » co-fines, *S\ P, £ ,fl , &c. for the 
fiim of the produds made of every fine, every two, three, &c. fines, by 
the other (n — i, n* — 2, n — $>&€.) co-fines, where the co-fine noted by 
n^-n is unity. 



MpMtaww*iiiHMit 



Then the fine of Z^+Z+7&?.=:S--S'' l +S r — S w , 6rV. *-^T' 



■jrtw whwuiwmi 



And the co-fine of *+jH->+A fcf*. =5 — S"-|-$ ;v — 5" , &?<:. x ~jzrp* 

XV. Alfo putting ¥ for the fum of the tangents of the arcs, a, p, 5 , d^- 
T", 7**, J' v , &c. for the fnm of the products of every two, three, four, 
&c. tangents ■„ and A~ T 

c=B<r»~jr ,r -\- <t> 

E=DF>— Cr"+jBr ir, —^r , "+r x . Put ic=*~ 

Then the tangent of »+»+>+/, UT. — J-^BR+Cfc+DRi+ER* -, Be. 

XVI. Hence, the fine, tangent, and fecant, of any arc a, being rc- 
prefentedby s, t,f, the eo-fine, co-tangent, and co- fecant, by /, t\f> 
thofe of the arc »* are exprefled as in the following theorems. 

irutting *=», - — ; »' = ».—-—•, » — » .— ~- f w — » • j ^"» 

SineoF»a=*^-«'*^P+* , '5P-»*CP+»' , W, fcfv. x -'— •, 
where P=^,J=s; B=JP;C=BP; D=CP; Be 

i s 



2 3 



4 5 67 



where A, 5, C, 6rV. ftand for the refpe£tive preceding terms. 

where $= £ ; 4 B,C, Be. ftand as before. 

Dddd XV11 - 
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/* « 



XVII. Co-fine oUia — I ~-n'p+n T i Jt ~ n'Pt+n" 'P\ &c x , where P = 77 

Or -r-f- -J— — ^-f -u . — . 5^-pty- -C^f^-.-i)^^, 

where i^— ~ - •, and A^B y C^ &c % ftand for the refpeAive preceding terms. 

TTT rr 

Or nut M— — *r;A T ;=— v- ; /f-£ 5 3:=^^ Tzn-vf'=*«--2&c % 

r\ 4.. ; ' ■ * . r v *r 

The co-fne ol 00 = /?— £«'-j- C£' — JV -j~ Ed', £s?<:. xM 

XVIII. Let j!-~~n' -\~nri A'zr^. n" — ri 

B—J r n" f -nr"-\-An B'—^ n'A'-- n* +ri" 

Dri+ri' i "-nri"-{-Cri—Bri"+An' D'~ l n .ri'C-n*B'+n*' A -*<"'+#'* 

The tangent ofna = »/ -f- APr—* + ^V~ 4 -f- C/V-* -+- Z>/ V" s &V. 



rr 



Or =.»-{- ^/iV 4. 5iV 2 -f- CiV3 4. DiV4 -J- fcfr. x /, where iV- 

Or zzz»ri -\- Ab' -{-Be -\-Cd -\-De\btc. where a ~tib'z~Na'$c'z=:Nuid'—Nei &fc. 

Or m ■■ ■ —2 x/. 

Wr i-n'N-i-n; , N*—a : W ,-»'"'JV+. &fc. 



rr . -- ff 



Co-tang 1 of 0a — r*+A*t* +Ft*N+Ct*N*+D't*Ni ±E't z N*&c.x-iV/h<trcN; rr 



w* • • . . , _ _, ri* 



Or =zi^ r A'N T B'N z -rCNi j-D'N+-\-E'Ns i &c.*',r*t -,whereiV=— , 

__ i— K fN+H'"N*—n''W-\-n r W—n n 'Ns&c. _~. where iV=- 
° r ~~n—n , Ntn , N*—n : 'W-xn- : ''N+-n*Ns&c?' ' 



XIX. Let^?- »' A'—' n .n 



a 



B-An— ri' B'-~'„.ri'A—n 



C=Bri—Ari"Jr n" C= k-riB— n "A-\-n- 



t 



D -Cn 1 —Bt/H+Ari'—ri' 1 &= x n.n"C—tfB' -f-» v '^— »"" 

Secant of na = 1 ~ ^iV ~ HvS ~ ciV3 4. DJV* + IiV\ £s?f. x M. 

Or ~ , t / , jTTT r ;" ■ ; g r , r ; ■■ ,„ A y; ? w x M; where Nz^J! M~ r f n 

CVfccmt of»« -r-i4-^^V t 7i'iV*4C'A"*^/)^+£^7eF7. x M ; where N^>M—ZH 

rr ntr' 1 

Or m ? .- T - — ,-—- — _ — . v »,^— ■ ■ — y.Al; where iV-rr - % JW^r-r~~ 

AA, 



L <j «5 J 

XX. Let c be the chord of an arc {a) of the circumference of a circle, 

whofe diameter is d. Put JV= £■• 

Thechordof,« + ^^ 

where ^, 5, C, &V. ftand for the refpective preceding terms. 

* 

As the preceding theorems are ea'fily deduced from the firft, fo the following are moft 
readily ken to be the immediate confequences of thefe ; and all depending upon no 
other principles than what. are. generally made^ufejof in common computations. 

XXI. Tutting s, s\ t, t\ f 9 f\ for the fine, co-fine, tangent, 
co-tangent, fecanr, co-fecant, of an arc (a), and v its yerfed fine 5 

ier^ — ~; j — 12 »?" — "w 9 % 7? >? — z* >^ 6, iY 



rr 



Then s=i~ q"N-j-q' v N 2 - j'W +f"'N+ + ?' x iV5, fefc. x *. 

— a — fa^r- 1 + ftfr-* — q v a,ir—\-\- q r '"a'*r-\ &c 

— a—±AN + ± BN- 6 - 7 CN -\- s ~ 9 VN, fcfV. where A,B,C, &c. 
ftand for#he' refpeftive preceding terms. 

And /sir-^V-' + fVr- 3 — fVr-* + $ T Vr-\ £?f. 



= r L«»r-M- -AN-~- h BN4~\ CN, &c. A,B,C, &fr. as beiore; 

XXII. Alfo *=■ ^V-- ? 'V r -' -j^jv/ 4 6 r _ s ^ ? 'Vr- : ,a 

1.4 3'4 5-6 7b 9 -Sj 



= _LJV— - AN- -BN- ~CN, &c. x r. A>B,C, &c. as before. 

1.2 3.4 5.0 7.8 ' 

XXIII. UtA=+ 2' -2" AndA=-A 

B=—fi-\-q"J r Aq' B'——B—AA 

C=-?f - q v ' +Bq'—Aq'" C=—C~BA'-AB : 

D=—q v "-j'q' n "-\-Cq'-Bq l/ '+Aq\ D —-D-CA'—BB'—AC . 

Tangent t — a-{-Aair~ 2 -f- Ba*r~ 4 -+- Ca^r— 6 -f- Da*r— \ &V- 

Or = i- -t- ^iV -f- £2V* - r CW3 -p DiV + -f- EN'>&c x a. 

Co-tangent / = a -'r s -f ^ "1~ 5'^r "* -f- CVr- 4 + D'a'r -\ fcV. 

Or = 7r + y/a* -f BW -j- C?v r ^ -4- 57W, &V. y£. 

XXIV. 
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XXJV. Alio let ^-f^ And a!=-±q"< 

j3 — _ q'" -\-ttq' p!=z—q ,y -j- A y 

y=-j-q r —<tq"'-j~?q r y' =-\-q*< — <t'q' v +P>Y 

&V. fcfV. 

Secant/ = r -f-«aV— T 4- fo+r- 1 + > «V- 5 4- JV» 8 r- Y&V. 

Or = i -|- <*i\T-f- pN 1 H- >iV3 -f- / JV+, fcfV. x r. 

Co-fecant/ = «— 'r* -)- a !a-^-£'air—' z -^-y'aSr—^f'tfr--*, &c. 
Or = rr-j- daa -j- P Naa -f- y'N 2 aa -j- f'Ntaa&c, x £. where 2V: 



XXV. Putting f=i',p"=zlp i?"'=lfV'-{;'V-^' r i &.N- 



5f* 

rr * 

Vr 



Then arc « = i -f ^JV + \p"N* + -#'"JV* -{- iP' r N\ &c. x J. 
Or = s + ^>'^iV+ #"2HV4- #'"CiV + #"2W, &V. 
Or = Hr - ^V + - BN 4- 1- 5 CJV-4- 1- 7 DiV, fc?<r. where ^ 5, C, GV. 

1 a«3 * 4.5 • tj.7 * 5.9 

(tend for the refpectivc preceding terms. 



XXVI. If v is the verfed fine of an arc 0, diameter being d, M= ~> R~</7Z. 

Then arc a— i-f ~ M+^JM+^BM+^CM, tfcxRiA&C, &c.*n 
as before. 

XXVII. And putting N='l , J=t, B~ AN, C= 5JV, D = GiST, Gfe 

Then arc * = / — JiflV + * BJV - ^CAT -f $DN + T ' T JEiV, &V. 

Or = 1 — $N-\- |# x — ^JVS 4- ^iV+ 4- T ' T AT f , fcfV. x /. 

XXVIII. Alfo, if* is the chord of an arc (a) -, and iV= ^-- 

Then arc *=c4- r^N- J- 3 *JV4- f CV+ ^JDJV, fcfc. where A, B, C* 6W 
ftand for the refpective preceding terms. 



